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Abstract 
Pulse oximetry is an important medical monitoring technique. Due to the limited use of transmission 
pulse oximeter in high density tissue, the purpose of this study is to focus on the study and development 
of reflectance pulse oximeters.  
In this study, by considering of photon diffusion theory advantages, a new analytical method was 
developed to investigation of light propagation in a heterogeneous medium like fingerprint. In the 
following, we solve the obtained analytical equation for light propagation in a biological tissue.  
To validate the obtained results of analytical model, we used Monte Carlo simulation results as a gold 
standard. The results validated that the diffusion approximation equation could resolve the 
heterogeneous advanced tissue and the analytical solutions (AS) could offer the simulation with higher 
efficiency and accuracy.  
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1. Introduction 

Although the operation of pulse oximeters can be 
understood qualitatively using an analysis based on 
the Beer-Lambert law, this approach fails to 
account for the effects of intense scattering of light 
in tissue [1], [2]. At present, the relationship 
between the principal quantity measured by pulse 
oximeters and arterial oxygen saturation is 
determined by statistical regression of 
experimental measurements obtained from human 
volunteers. No analytical expression has yet been 
published that accurately predicts the response of 
oximeters to changes in oxygen saturation of 
arterial blood contained in a scattering tissue 
medium. Results of an earlier theoretical study 
suggest that physiological factors that affect tissue 
scattering and absorption can significantly affect 
the accuracy of pulse oximeters [3]. A better 

theoretical understanding of pulse oximetry may 
enable current calibration methods to be improved.  
The fingertip type pulse oximeter is commonly used 
in hospitals to provide basic physiological 
parameters. However, it is inconvenient for long-
term monitoring in daily life for the frequent usage 
of fingertips, making the monitored signal unstable 
and causing variation of the oxygen saturation 
value. Therefore, it is important to develop other 
types of pulse oximeters, such as reflectance pulse 
oximeters. In the other words, more broad 
applications can be achieved with the reflectance 
mode.  
The purpose of this paper is to develop the diffusion 
theory to model the response of reflection pulse 
oximeters in multilayer biological tissues. For this 
purpose, we report a model for magnitude of the 
intensity captured by the reflected and the 
transmitted light detectors. This model is obtained 
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by analyzing light propagation through tissue using 
the analytical solutions (AS) of the diffusion 
approximation equation at a  
given set of tissue characteristics. Analytical models 
based on partial differential equation (PDE) using 
the finite element method (FEM) and finite 
difference (FD) can be used to solve the diffusion 
equation. Furthermore, there are stochastic models, 
such as Monte Carlo (MC) or random-walk, to solve 
the above-mentioned equation.  
Among these models, MC has the highest accuracy 
in modeling, but this method requires a prohibitive 
amount of computational time due to the large 
number of photons required to obtain statistically 
useful data [4]. Also, FD methods are not feasible for 
irregular boundaries because these methods use 
rectangular mesh elements [5], [6].  
Since FEM offers advantages in flexibility and speed 
in solving complex geometries and heterogeneous 
tissues, researchers have preferred this method [5], 
[7]. In addition, the FEM has been used for two-
dimensional and three-dimensional (3-D) 
geometries using linear functions by three-node 
triangular elements. Also, the FEM is much more 
efficient and accurate in comparison with the MC 
methods [8].  
 

2. Material and Method  

Light propagation through scattering media has 
attracted great attention in many areas of physics, 
biology, medicine, and engineering. The radiative 
transfer equation [9], as a complex 
integrodifferential equation, is used to describe this 
process. Also, this equation is reduced to the 
diffusion equation under the strong scattering 
conditions, but it does not provide exact solutions 
in the majority of cases.  

2.1 Geometry of Model  

In this paper, a hemispherical volume of tissue is 
used to represent the tip of a finger on which an 
oximeter probe is placed. The geometry of the 
problem is illustrated in figure 1. The light source is 
modeled as a point source emitting monochromatic 
light at a wavelength in the near-infrared (NIR) 
region of the spectrum.  
For mathematical convenience, the point source is 
represented as a dipole composed of a photon 
source and a photon sink. The detector receives 
light at a point opposite to the source (transmission 
case) or at a point on the same side as the source 
(reflection case). The finger is treated as a 
heterogeneous mixture of blood and other tissues 
containing no blood, and its optical properties are 
assumed to be determined mostly by dermal and 
subcutaneous tissues. The pigmented epidermis, 
which is very thin (<100 pm) and scatters light 
mostly in the forward direction [10], is neglected in 

this analysis because it only serves to attenuate the 
source light before and after it undergoes 
absorption and scattering in the blood-perfused 
tissue.  

  

 

 
Figure 1. Cross section of hemispherical geometry on 

which the model is defined  

2.2 Optical Simulation Model of Fingertip  

The finger base mainly consists of epidermis, 
phalanx, blood, and dermis and pulp. The fingertip 
model used in this work has been illustrated in 
figure 2. In this model, the height, thickness, and 
outer epidermis’ thickness of employed geometry 
are 15, 10, and 0.1 mm, respectively. Also, the 
characteristics of distal phalanx have been listed in 
Table 1. Also, three pairs of arteries with 0.85 mm 
diameter are considered top and bottom of the 
distal phalanx. Additionally, there are several veins 
with 0.85 mm diameter on both sides of the distal 
phalanx. Table 2 shows the different tissues optical 
properties at wavelengths 656 and 943 nm [4], [11]. 
In the simulated model, the wavelength of 943 nm 
and a fixed intensity have been employed for the 
light point source.  

  

 

 

Figure 2. Cross sections and models of the fingertip 
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Table 1. Mean dimension by finger 
 

Finger 
Measurement of distal 

phalanx 
Dimension (mm) 

Tip—soft tissues of the tip 
of the distal phalanx (mm) 

Index Width Height 4.8 3.4 3.84±0.59 

 

Table 2. Optical properties used in the tissue simulations: μa (absorption coefficient), μs (scattering 
coefficient), n (refractive index), and g. 

 
 

 λ µa µs n g 

Dermis and pulp 
656 0.05 8.6 1.38 0.91 
943 0.03 7 1.38 0.91 

Epidermis 
656 0.05 18.3 1.43 0.81 
943 0.03 12.3 1.42 0.89 

Bone 
656 0.05 33.1 1.4 0.92 
943 0.03 26.1 1.4 0.94 

Arterial blood 
656 0.05 77.5 1.363 0.98 
943 0.03 65 1.358 0.99 

Venous blood 
656 0.05 77.5 1.362 0.98 
943 0.03 65 1.357 0.99 

 
2.3 Analytical Solution of PDE Representation of 

Diffusion Approximation  

With dimensional parameters defined in figure 1, 
the diffusion approximation equation, by 

considering the approximation of μs´≫μa in a highly 

scattering tissue, is as follows:  
 
1

𝑟2
𝜕

𝜕𝑟
[𝑟2

𝜕𝑦

𝜕𝑥
] − 𝛼2∅(𝑟) = −

1

𝐷
𝑆(𝑟) 

(1) 

𝐷 =
1

3(𝜇𝑎 + 𝜇𝑠
′ )
≈

1

3𝜇𝑠
′  

(2) 

 
where µ´s is the reduced scattering coefficient and 

𝛼𝜇 = √𝑎 𝐷⁄ ≈ √3𝜇𝑎𝜇𝑠
′  is the effective attenuation 

coefficient. 
An explanation of these coefficients in the context 
of diffusion theory as applied to biological tissues 
can be found in a review by Cheong et al. [12] For a 
point source, S(r) can be written in terms of the 
volume delta function δ(p), as below: 
 

𝑆(𝑟) =
3𝑃0
4𝜋

𝛿(𝑟) 
(3) 

  
where P0 is the power emitted by the source. We 
will first solve (1) for Ф(r) within a bounded 
spherical medium and then derive the solution for 
the hemispherical geometry as depicted in figure 1 
from this result using the method of images [13]. 
The general solution to (1) is:  
 

Ф(𝑟) =
𝐴

𝑟
𝑒−𝛼𝑟 +

𝐵

𝑟
𝑒𝛼𝑟  

(4) 

where A and B are the constants determined by two 
boundary conditions. The first boundary condition 
is as follows:  
 

lim
𝑟→0

[𝑓𝑙𝑢𝑥𝑑𝑒𝑛𝑠𝑖𝑡𝑦] = lim
𝑟→0

[∫ 𝐽 ∙ 𝑑𝐴
𝑆

] = lim
𝑟→0

[−4𝜋𝐷𝑟2
𝜕Ф(𝑟)

𝜕𝑟
] = 𝑃0 (5) 

 
The second boundary condition is that all photon 
flux is absorbed beyond the boundary r = d, Ф(r)=0 
at r=d.  
Subsequently, Φ(r) is, for bounded spherical 

geometry:  

 

Φ𝑠𝑝ℎ(𝑟) =
𝑃0
4𝜋𝐷

[
1

𝑟(1 − 𝑒−2𝛼𝑑)
𝑒−𝛼𝑟 +

1

𝑟(1 − 𝑒2𝛼𝑑)
𝑒𝛼𝑟]  (6) 

 

Also, the AS of the diffusion approximation 
equation for a point beam incident on the surface of 
a semi-infinite medium is given by summing the 
solutions for a pair of positive and negative point 
sources as follows: 
 

Φ𝑠𝑝ℎ(𝜌. 𝑧)|𝑧=0 =
𝑃0
4𝜋𝐷

[
1

𝑟1
𝑒−𝛼𝑟1 +

1

𝑟2
𝑒−𝛼𝑟2] (7) 

  
where z is the depth from the surface and ρ is the 
distance between the point of interest and the z-
axis, as shown in figure 1. r1 and r2 are given as 
follows:  
 
𝑟1 = [(𝑧 − 𝑧0)

2 + 𝜌2]0∙5 (8) 

𝑟2 = [(𝑧 + 𝑧0+2𝑧𝑒)
2 + 𝜌2]0∙5 (9) 

 
In these equations, ze is the distance between the 
real and extrapolated boundaries for the refractive 
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index mismatched case. z0 = 1∕μs´ is a small value 

representing the depth below the surface from 
which the first-scattered photons emanate.  

We assume here that the incident photons are 
converted to scattered photons within one mean 
scattering length, so ze is simply given as:  
 
𝑍𝑒 = 2𝐷𝐴 (10) 

 
where A is related to the internal reflection rj and 
can be derived from Fresnel reflection coefficients 
[14]. When the boundary has matched refractive 
indices, A=1; otherwise, A is estimated as [15]:  

 

𝐴 =
(1 + 𝑟𝑗)

(1 − 𝑟𝑗)
 

(11) 

where 
 

 

𝑟𝑗 = −1 ∙ 44𝑛𝑟𝑒𝑙
−2 + 0 ∙ 71𝑛𝑟𝑒𝑙

−1 + 0 ∙ 668 + 0 ∙ 0636𝑛𝑟𝑒𝑙 (12) 

 
where nrel is the relative index of tissue to air. Now, 
by applying the method to images, the desired 
solution for hemispherical geometry can be 
obtained from (6):  
 
Φ𝑠𝑝ℎ(𝑟) =

−2𝑧0𝑧

𝑟

𝜕Φ𝑠𝑝ℎ(𝑟)

𝜕𝑟
=

𝑧0𝑧𝑃0
2𝜋𝐷𝑟2

[
1

(1 − 𝑒−2𝛼𝑑)
𝑒−𝛼𝑟(

1

𝑟
+𝛼) +

1

(1 − 𝑒2𝛼𝑑)
𝑒𝛼𝑟(

1

𝑟
− 𝛼)] 

 

The magnitude of the intensity captured by the 
reflected light detector (labeled “#1” in figure 1) is 
given by: 
 

Φ𝑠𝑝ℎ(𝑟) =
−2𝑧0𝑧

𝑟

𝜕Φ𝑠𝑝ℎ(𝑟)

𝜕𝑟
=

𝑧0𝑧𝑃0
2𝜋𝐷𝑟2

[
1

(1 − 𝑒−2𝛼𝑑)
𝑒−𝛼𝑟(

1

𝑟
+𝛼) +

1

(1 − 𝑒2𝛼𝑑)
𝑒𝛼𝑟(

1

𝑟
− 𝛼)] (13) 

I𝑟 = −𝐷
𝜕Φℎ𝑒𝑚𝑖(𝑟)

𝜕𝑧
|
𝑧=0
𝑟=𝑝

= −
𝑧0𝑃0
2𝜋𝜌2

[
1

(1 − 𝑒−2𝛼𝑑)
𝑒−𝛼𝑑(

1

𝜌
+𝛼) +

1

(1 − 𝑒2𝛼𝑑)
𝑒𝛼𝑑(

1

𝜌
− 𝛼)] (14) 

 
The magnitude of the intensity captured by the 
transmitted light detector (labeled “#2” in figure 2) 
is given by:  
 

I𝑟 = −𝐷
𝜕Φℎ𝑒𝑚𝑖(𝑟)

𝜕𝑧
|
𝑧=0
𝑟=𝑝

= −
𝑧0𝑃0
2𝜋𝜌2

[
1

(1 − 𝑒−2𝛼𝑑)
𝑒−𝛼𝑑(

2

𝑑2
+
2𝛼

𝑑
+ 𝛼2)

+
1

(1 − 𝑒2𝛼𝑑)
𝑒𝛼𝑑(

2

𝑑2
−
2𝛼

𝑑
+ 𝛼2)] 

(15) 

 
From the above equations, a model of the response 
from a pulse oximeter can be developed.  

2.4 Monte Carlo Simulation  

As a gold standard, MC simulation was used to 
validate the effectiveness AS in this research. The 
transport of 5×106 photons was tracked. The 
anisotropy factor g and the refractive index of the 
tissue were assumed in accordance with Table 2. 
The medium above and beneath the tissue was 
treated as air, with a refractive index of 1.0. Thus, 
the boundary between the tissue and air was 
mismatched. The specular reflection would occur 
after photons had been launched. The Henyey– 

Greenstein phase function was used to describe 
photon scattering. The spatial resolution for both 
radial and depth distance was set at 0.01 mm, which 
is more than enough for real applications. After 
sufficient propagation in the tissue, the photon 
packets would be terminated by reflection or 
transmission out of the tissue. The weights of the 
photon packets that exited the tissue were 
accordingly scored into the diffuse reflectance or 
diffuse transmittance, depending on where the 
photon packets exited [16]. To obtain diffuse 
reflectance caused by the finite size beam, the light 
beam of finite size was assumed to be collimated, 
and the response was computed from the 
convolution of the response of an infinitely small 
beam, according to the profile of the finite size beam 
[17], [18]. A publicly available MC code (MCML) for 
light propagation in biological materials provided 
by Wang et al. [16] was used.  

3. Results and Discussion  

In this section, the AS model presented in the 
previous sections was evaluated. The obtained 
outcomes compared with MC simulations as a gold 
standard.  

3.1 Comparison of Monte Carlo, the Analytical 

Method  

In this section, diffuse reflectance AS for fingertip 
geometry given by (14) is validated using the MC 
method. The optical parameters used are presented 
in Table 2 and under optical simulation model of 
fingertip. Also, the fluence rates generated by MC 
and the analytical method were compared at a 
radial distance r=2 mm. First, all generated profiles 
were normalized at a depth of 5 mm; then, they 
were normalized at a distance of 2 mm, which is out 
of the region of 1 mean free path (mfp) from the 
isotropic point source. A reduced scattering albedo 
(RSA) defined by μs(1-g)/μa was used to measure 
the ratio of photon scatting to absorption. The 
relative refractive index nrel of the boundary was set 
at 1.37.  

Figures 3 and 4 show for matched and mismatched 
boundary conditions that AS and MC results do not 
exactly match near the sources. Furthermore, by 
comparison of both type of boundary conditions, it 
can be observed that solutions begin to match after 
some reduced mfp, that is nearer to the source in 
case of matched.  
The results of the presented model have a good 
match with MC simulation. This research shows 
that it is possible to model a reflectance pulse 
oximetry with diffusion theory. The aim of this 
paper was to demonstrate the power of AS in 
modeling the steady-state diffusion equation in a 
heterogeneous medium.  



 

148 |   M e d B i o T e c h  J .  2 0 1 9 ;  3 ( 4 ) :  1 4 4 - 1 4 9  

 

  

 

Figure 3. Comparison of AS of diffuse reflectance 
with the MC method for (a) matched boundary 

and (b) relative error 
 

 

Figure 4. Comparison of AS of diffuse reflectance with 
the MC method for (a) mismatched boundary and (b) 

relative error. 

4. Conclusion  

We have developed a theoretical model for photon 
migration [13] through scattering media in the 
presence of an absorbing [14] inhomogeneity. The 
analytical solutions (AS) was applied to [15] the 
diffusion approximation equation for modeling 
light propagation in the fingertip. this model has 
been verified by MC simulation for use in 
biomedical optical imaging studies. [16]  
The results of the presented models have a good 

match with MC simulation [17].  

The model presented in this paper helps to 
explicitly delineate the roles of absorption and 

scattering in diffuse reflectance. The results from 
AS validate that the diffusion [18] approximation 
equation could resolve the heterogeneous 
advanced tissue. In addition, the results show that 
FEM could offer the simulation with higher 
efficiency and accuracy. 
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