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Abstract  
In the past decade a large interest is developed to carbon nanotubes (CNTs) that exhibit exceptional 
mechanical and electrical properties. In this paper, the finite element model (FE) is combined with the 
modified Morse interatomic potential and the molecular structural mechanics approach in order to 
study the role of diameter and chirality in the mechanical properties of Armchair and Zigzag double-
walled carbon nanotubes (DWCNTs). The interlayer van der Waals (vdW) forces are represented by the 
‘6–12’ Lennard–Jones (LJ) potential and simulated by a nonlinear truss rod model. The results show the 
Young’s and shear modulus of DWCNTs increases with increasing the nanotube diameter. The 
computational results agree well with the previous experimental and theoretical results.  
 

Keywords: Mechanical Properties; Finite Element Method; Double walled Carbon Nanotubes  
 

How to cite the article: 
S. Beigy, J. Akbarian, Study of mechanical properties of modified and unmodified double-walled carbon nanotubes, 
Medbiotech J. 2019; 3(4): 150-154, DOI: 10.22034/mbt.2019.80876. 

1. Introduction   

Intense attention has been paid to carbon 
nanotubes since their discovery by Iijima in late 
1991 [1] due to their outstanding physical 
properties. This interest stems from the fact that 
CNTs have great potential applications as 
transistors in microcomputers, tubes for drug 
delivery, nanoprobes, aerospace industry, 
automobile, railway, civil engineering structures, 
sporting goods industries etc [2]. These 
applications draw on the remarkable mechanical 
and electrical properties of CNTs. They are as 
strong as diamonds and able to withstand bending 
and twisting better than steel. They can be 
produced by an array of techniques, such as arc 
discharge, laser ablation and chemical vapor 
deposition (CVD). A recent review of the processing 
and properties of carbon nanotubes and their 
composites can be found in [3].  
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Due to the multi-walled nature of CNTs, there are 
forces between the carbon atoms that make up the 
cylindrical walls. These forces, called van der Waals 
(vdW) forces, cannot be neglected because they are 
significant at this molecular scale. Atomistic-based 
methods such as classical molecular dynamics [4], 
tight-binding molecular dynamics [5], and density 
functional theory [6], have been used to conduct 
rigorous bending, vibration, and buckling analyses 
of multi-walled CNTs. Yakobson et al. [7] 
introduced an atomistic model for axially 
compressed buckling of single-walled nanotubes 
and also compared it with a simple continuum shell 
model, however we know that the existing 
continuum shell model cannot directly be applied to 
investigate mechanical behavior of multi-walled 
nanotubes due to the presence of the van der Waals 
forces in multi-walled nanotubes [8]. However, 
these methods require an enormous amount of 
computational time. Therefore, researchers have 
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been diligently seeking more efficient 
computational methods, such as continuum 
structural models, with which to analyze multi-
walled CNTs.   
A structural mechanics approach (Continuum 
models) was developed by Natsuki [9] to predict 
the mechanical properties of SWNTs and MWNTs, 
with different sizes and structures. This approach 
was based on carbon bonds beam-like 
representation and a linkage between the beam 
sectional stiffness parameters and constants of 
force field. Starting from structural mechanics 
analysis, Li et al. [10] built a single carbon nanotube 
in order to evaluate the Young’s and shear modulus. 
It was stated in [10], that there was no information 
about the elastic and sectional properties of 
carbon–carbon (CC) bonds; therefore, it was 
compulsory to create a linkage by the force field 
parameters. Wong et al. [11] obtained the Young’s 
moduli of multi-walled carbon nanotubes (MWNTs) 
of 1.28±0.59 TPa by using atomic force microscopy 
(AFM) based experiments. Salvetat et al. [12] 
reported the Young’s modulus values of carbon 
MWNTs to be 0.81±0.41 TPa by the same 
experimental technique. In another research, 
Krishnan et al. [13] measured single-walled carbon 
nanotubes (SWNTs) and obtained an average 
Young’s modulus of 1.25 TPa.  
In this work a multi-walled carbon nanotube finite 
element (FE) model based on molecular mechanics 
approach is proposed and the effects of nanotube 
diameter, chirality and van der Walls (vdW) 
interactions on the elastic properties of DWCNTs 
are investigated. The interlayer van der Waals 
(vdW) forces are represented by the ‘6–12’ 
Lennard–Jones (LJ) potential energy [14] and 
simulated by a nonlinear truss rod model, also the 
carbon bonds are replaced with the beam elements. 
Using the appropriate force field constants, the 
beam sectional stiffness parameters are obtained. 
The accuracy of the results is verified by other 
experimental data.Geometric structure of DWCNTs  
From the geometric structures, DWNTs can be 
regarded as two nested SWNTs. Interaction 
between two layers of the DWNTs is mainly due to 
the van der Waals (vdW) force between the inner 
and outer nanotubes. The atomic structure of 
nanotubes depends on tube chirality, which is 

defined by the chiral vector Ch and the chiral 

angleq. The chiral vector and chiral angle can be 
defined in terms of the lattice translation indices (n, 
m) and the basic vectors  

a1 and a2 of the hexagonal lattice as follows:  

  

𝐶ℎ = 𝑛𝑎1 + 𝑛𝑎2 (1) 

𝜃 = sin−1 [
√3𝑚

2(√𝑚2 + 𝑚𝑛 + 𝑛2)
] (2) 

 
The distance between two neighboring layers is 
assumed to be the same as the spacing between 
adjacent Graphene sheets in graphite, i.e., 0.34 nm. 
The schematic bonds for DWCNTs are shown in 
figure 1. Each carbon atom within the atomic layer 
of a Graphene sheet is covalently bonded to three 
neighboring carbon atoms while the atomic 
interactions between the neighboring layers are the 
van der Waals forces.  

 2. Numerical Technique Based on Finite 

Element Method  

From the viewpoint of molecular mechanics, a 
carbon nanotube can be regarded as a large 
molecule consisting of carbon atoms. The atomic 
nuclei can be regarded as material points. Their 
motions are regulated by a force field, which is 
generated by electron–nucleus interactions and 
nucleus–nucleus interactions. The general 
expression of the total steric potential energy is a 
sum of energies due to valence (bonded) and non-
bonded interactions:  

 
𝑈𝑡 = 𝑈𝑟 + ⋯ + ⋯ + 𝑈𝑞𝑈𝑓𝑈𝑤 + 𝑈𝑣𝑑𝑤 + 𝑈𝑒𝑠 ⋯ ⋯ (3) 

 

where Ur is for a bond stretch interaction, Uq for a 

bond angle bending, Uf for a dihedral angle torsion, 

Uw for an improper (out-of-plane) torsion, Uvdw, Ues 
for non-bonded van der Waals and electrostatic 
interactions, respectively. By assuming the carbon 
bonds as the beam element with length L, cross-
sectional area A, and moment of inertia I and using 
the strain energy under pure axial load P, pure 
bending M and a pure twisting moment T and also 
neglecting the inversion and electrostatic energies, 
we can relate the force field parameters to elastic 
properties of beam element as follow: 
  

𝐸𝐴

𝐿
= 𝑘𝑟 .

𝐸𝐼

𝐿
= 𝑘𝜃 .

𝐺𝐽

𝐿
= 𝑘∅  (4) 

 

 Where the terms kr ,kq f,k  represent the force 
constants associated with stretching, bending and 
torsion of the chemical bond, respectively. A 
detailed summery about derivation of the beam 
sectional stiffness parameters can be found in [15].  
The vdW interactions have a great effect on the 
geometry and stability of CNTs and play an 
important role on the performance of MWCNT 
(especially DWCNTs), bundles and ropes, such as 
mechanical properties [16]. Based on the usual 
convention of molecular mechanics [17, 18], the 
weak non-bonding vdW interactions between two 
atoms that are apart less than or equal to two bonds 
should be excluded due to that they have been 
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implicitly included in any empirical inter atomistic 
potential energy. Thus, the underlying objective of 
this paper attempts to explore the dependence of 
the vdW atomistic interactions on the mechanical 
properties of various DWCNTs through FE 
simulations. To describe the non-bonding vdW in 
CNTs, two main empirical models are available: (1) 
the inverse power model and (2) the Morse 
function model. For instance, Lennard-Jones [14], 
proposed a well-known inverse power model, 
termed as the L-J potential, and Wang et al. [19], 
introduced a Morsetype potential for carbon atom 
systems based on local density approximation. As 
indicated by Qian et al. [20], the local density 
approximation yields a considerably lower binding 
energy in the attractive zone while the L-J potential 
presents a considerably higher atomistic force in 
the repulsive zone. In this study, the vdW atomistic 
interactions are characterized by the L-J ‘12-6’ 
potential [14] as:  
 

𝐸𝑣𝑑𝑤(𝑟) = 4𝜀 [(
𝑟0

𝑟
)

12

− (
𝑟0

𝑟
)

6

] (5) 

 

Where Evdw is the L-J potential, e and r0 are 

constants that for carbon atoms are e = 0.0556 

kcal/mol, r0 = 0.34 nm and r is the distance between 
two atoms having VDW interaction. The first 

derivative of Evdw can result in the vdW  

atomistic force function, 
 

𝐹(𝑟) = −
𝑑𝐸𝑣𝑑𝑤

𝑑𝑟
= 24

𝜀

𝑟0

[2 (
𝑟0

𝑟
)

13

− (
𝑟0

𝑟
)

7

] (6) 

  
 The relationship of the L-J pair potential and the 
pair force with the inter-atomistic distance is 

illustrated in figure 2. The potential (Evdw) is 

usually ignored at an interatomic distance of 2.5r0 
without a significant loss of accuracy. The valid 
range of vdW atomistic interactions is 
schematically shown in figure 3. The vdW force 
acting along the connecting line between two 
interacting atoms is simulated by a nonlinear truss 
rod element that connects the two interacting 
atoms, as shown in figure 1 (blue lines). The truss 
rod, thus, transmits only tensile or compressive 
forces as given by Eq. (6).   

3. Numerical Results  

To validate the vdW modeling technique proposed, 
Graphene model was built and the structural 
responses under axial load were analyzed. To 
simulate the uniaxial load, one Graphene side was 

totally restrained while the other side was loaded in 
pure tension as shown in figure 4. Assuming the 
wall thickness t = 0.066nm and L0 = 3.26nm W,0 = 
2.1nm which were reported in [7], we have:  
 
Young’s modulus of Graphene; 
 

𝐸𝐺𝑒𝑎𝑝ℎ𝑒𝑛𝑒 =
𝑃𝐿0

𝑊0𝑡∆𝐿
= 1 ∙ 08 𝑇𝑃𝑎 (7) 

 
The value of the Young’s modulus computed as 1.08 
TPa which is very close to the experimental values 
that was reported before [21, 22].  
Having established its validity, the model presented 
here is applied for calculating the mechanical 
properties of DWCNTs. Software was developed to 
build Armchair and Zigzag nanotubes geometry. 
The coordinates generated by the program were 
used to build nanotubes finite element model. In 
figure 5 nanotube models and appropriate 
boundary conditions are illustrated. For this model, 
the Young’s and shear modulus and Poisson’s ratio 
of DWCNTs can be defined as: 
 

𝐸𝑁𝑎𝑛𝑜𝑡𝑢𝑏𝑒 =
𝜎

𝜀
=

𝑃
𝐴0

∆𝐿
𝐿0

. 𝐴0 =
𝜋

4
[(𝐷0 + 0 ∙ 34)2 − (𝐷𝑖 − 0 ∙ 34)2] 

 

𝐺𝑁𝑎𝑛𝑜𝑡𝑢𝑏𝑒 =
𝑇𝐿0

𝜃𝐽0

. 𝐽0 =
𝜋

32
[(𝐷0 + 0 ∙ 34)4 − (𝐷𝑖 − 0 ∙ 34)4] (8) 

𝜗𝑁𝑎𝑛𝑜𝑡𝑢𝑏𝑒 = −
𝜀𝑐

𝜀
. 𝜀𝑐 =

𝐷 − 𝐷0

𝐷0

 (9) 

 
Where P T L D D D, 0, 0, i , , ,q J0 denote the total 
force and torque applied, length, outer most and 
inner most tube diameter and diameter after 
deformation of DWCNTs, angular displacement, 
and polar moment of area, respectively. The results 
for Young’s modulus are shown in Table 1.  
Figure 6 shows the computational results of the 
Young’s and shear modulus for Zigzag and 
Armchair DWCNTs. It is clear that the Young’s and 
shear modulus of DWCNTs increases with 
increasing the nanotube diameter and the 
sensitivity of the shear modulus to the NT diameter 
is much higher than the Young’s modulus. The 
computational results agree well with the previous 
experimental and theoretical results.  
 
4. Concluding Remarks  
We have developed a FE model to simulate the 
elastic behavior of double-walled carbon nanotubes 
under tension and torsion loading conditions. The 
van der Waals forces between tube layers are taken 
into account by using the ‘6–12’ Lennard–Jones (LJ) 
potential energy and introducing a nonlinear truss 
rod model. The results show that the Young’s 
modulus of MWCNTs is in the range of 1.05 to 1.15 
TPa, slightly higher than those of SWCNTs, and the 
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shear modulus of MWCNTs is about 0.38 to 0.5 TPa, 
The Young’s modulus of Zigzag DWCNTs is slightly 
larger than Armchair ones and Elastic properties 
for both Armchair and Zigzag DWCNTs, increased 
slightly with increasing the outer tube diameter. 
The developed modeling techniques represent 
important basis for further research on carbon 
nanotube polymer composites.  
 

Table 1. Computed values for the Young’s modulus of 
DWCNTs 

 

Author 
Ave. modulus 

(TPa) 
Method 

Treacy et al. [23]  1.8  Exp.  

Wong et al. [11]  1.28  Exp.  

Salvetat et al. 

[12]  

1.28  Exp.  

Present  1.1  FEM  

  

 
Figure 1. DWCNTs, (5,0) in black lines and (9,9) in red 

lines with vdW interactions in blue lines 

  

 
Figure 2. L-J potential, vdW force and loaddisplacement 

curve of nonlinear truss rod   element versus atomic 
distance 

  

 
 

Figure 3. The valid range of vdW atomistic interactions 
 

  

 
  

Figure 4. Graphene model under pure tension with vdW 
interactions 

  

 
  

Figure 5. The ((5,0), (9,9)) DWCNTs under pure tension 
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(a) 

 
(b) 

 

Figure 6. Comparison of the elastic properties (a) 
Young’s modulus and (b) Shear modulus, of the present 

study and existing results 
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